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Outline

* Preliminary of prediction market
— Automatic market maker and LSMR
— Large outcome space: combinatorial securities

* AMM as arange query problem
* AMM for de-fi
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Why Can Markets Aggregate Information?

» Offer securities whose payoff is tied to outcomes of an event.

S1if rain on Jan 15, SO otherwise $0.3

Market

0.2 /

Sell

— A market maker adjust the price to “equilibrium”
— Price = Pr|event |all information]




Examples of Prediction Markets
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AMM for prediction market

Wn)
Each securityi = 1,...,n has
— An outcome and pay 1$ if happens

Sharesw = (wy, ...

— Price p;(w)

Experts: buy s shares of security
[ and pay

Market maker (AMM): change
prices based on shares
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Logarithmic Market Scoring Rule

Let C(w) = log, ¥, 2%iand w = -mmmmm

(W W ) Share w;

ol Weight2%c 2 2 2 2 4 4
* Eachsecurity i has Pricep;  1/8 1/8 1/8 1/8 1/4 1/4

— An outcome and pay 1% if happens

: 2% oc(w) ) - .
— Price p;(w) = 72" = S o o
@ @

* Experts: buy s shares of security 99

i and pay C(w + s6;) — C(w) © olfe_o|(0oe
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LMSR as an online algorithm problem

* Given a set of outcomes and initial shares w(?), in each round t
1. Query price(i): return p;(w®)
2. Query cost(i, s): return C(w® + s8;) — C(w(®)
3. Query buy(i, s): update w1 = w () 4 g§;

* Design a data structure to support above queries | AMM
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Outline

— Large outcome space: combinatorial securities
* AMM as arange query problem
* AMM for de-fi
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Prediction market

. . 2024 Election Forecast
* Given arandom variable on X,

trade securities with an expert =
— Each security has - o A=
{

* An outcome and pay 1% if happens =0 ~0.5%

e

Trump Harris

* Price o _
X ={Harris wins, Trump wins}

— Experts: buy securities

— AMM: change prices based on
shares




Large outcome space

* Given arandom variable on X,
trade securities with an expert
— Each security has

* An outcome and pay 1% if happens
* Price

— Experts: buy securities

— AMM: change prices based on
shares

.
2024 Election Forecast
Live and accurate forecasts by the world's largest prediction market

Presidency Senate

~0.6%

Trump

53.2% =~ 46.2%

27 1"
DAYS HRS

17 28
MIN SEC

Harris

X ={Each state’s winner}
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Large outcome space

* Given arandom variable on X,
trade securities with an expert
— Each security has
* An outcome and pay 1% if happens
* Price
— Experts: buy securities

— AMM: change prices based on
shares

X =R

What price will Bitcoin hit in 20257

$591,750 Vol. @ Dec 31,2025 RO
OUTCOME % CHANCE

3110,2(?2%33.0 & 4% Buy No 95.8¢
fii(;,()@\i? il 14% Buy Yes 15¢ Buy No 87¢
352322?\2? i 23% Buy Yes 24¢ Buy No 78¢
fgv.so(;f\i? i 43% Buy Yes 44¢ Buy No 59¢
f:f@gffl? il 66% Buy Yes 69¢ Buy No 38¢
5111.25?%0\2? il 74% Buy Yes 77¢ Buy No 29¢
§115'.I6(1]’80\23? i 85% Buy Yes 86¢ Buy No 17¢
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Combinatorial prediction market

X =R
* leen d random Varlable on XI ‘{ What price will Bitcoin hit in 20257
trade securities with an expert cpoe

- EaCh Security in T has OUTCOME % CHANCE &
] $1,000,000 ° Y vee s S
* Asubset of outcomes and pay 1% if 3103025Vl 4% Buy No 95.8¢
happens fiigao\i? i 14% Buy Yes 15¢ Buy No 87¢
* Price
$200.000 23% Buy Yes 24¢ Buy No 78¢

$53,124 Vol. &

— Experts: buy securities

A M M . f;_so(;f\i? & 43% Buy Yes 44¢ Buy No 59¢
— : change prices based on

S h a re S f:a:.segf\i? il 66% Buy Yes 69¢ Buy No 38¢

5111.25?%0\2? il 74% Buy Yes 77¢ Buy No 29¢

e, 85% I
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Examples of combinatorial securities (X, F)

 Continuous
— Bitcoin price
* Intervals, e.q., [110k, +o0], [120k, +o0]
— Stock market

* 2D intervals: the opening value of AMZN and GOOGL at 4pm tomorrow
* Hyperplane: Index funds (S&P500)

* Discrete
— Presidential election
* Swing states, Popular votes

— Sport betting
* Playoff, championship

13



Traditional Market Implementation

* Independent markets
— Logic inconsistent
— Arbitrage
* Integrated combinatorial prediction market for (X, F)

— Computational complexity [CFNPo7]

— Algorithms for Intervals [DWPR21] ° ° ('. \
‘J . .J

( ( N\ 7 ~N\
@ 0|0 0000
@ 0|0 0] 000
. J /L J




Our Contributions

AMM for combinatorial securities = range query problem

Partition tree algorithms for
LMSR

Generalize to quadratic scoring
rule and 3/2-power scoring rule

Incorporate multi-resolution
market designs into a partition-
tree scheme.

Combinatorial Swap in DeFi

Set systems (X, F)

Running time

Intervals (Example 2.3)
d-orthogonal sets (Example 2.4)
Hyperplane in R? (Example 2.5)
Finite VC (Example 2.6)

Infinite VC (Examples 2.7 and 2.8)

O(logn)

O(nt=1/4)
O(nl—l/d)

O(n'=¢) with € > 0

no o(n)
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* AMM as arange query problem
* AMM for de-fi
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Range query range update (RQRU)

Given (X, F) and initial weights W(®: X —» R, RQRU requests a
sequence of operations: forany E € F and S € R,.:

* query(E; W): return the total weig

* update(E,S; W): update W (x) « -

query

ntof range E, ). W (x).

(S -W(x)ifx €E
| W (x) otherwise

update
l

N
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ldea

Given F, C(w) = log, >;; 2%iand w
* Each security has

— Anevent E in F and pay 1% if
happens

2Wi

~ Price pp(W) = Lieps w;
J

* Experts: buy s shares of security
E and pay C(w + s1g) — C(w)
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|dea: price=query

Given F, C(w) = log, >;; 2%iand w
* Each security has
— Anevent E in F and pay 1% if

happens
oo 2Wi

— Price pg(W) = Liep5 w;
J

* Experts: buy s shares of security
E and pay C(w + s1g) — C(w)

Number :
of shares

Price

Outcome space X

Pricel of E

i

1
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ldea: buy=update

Given F, C(w) = log, >;; 2%iand w
* Each security has

— Anevent E in F and pay 1% if
happens

2Wi

~ Price pp(W) = Lieps w;
J

* Experts: buy s shares of security
E and pay C(w + s1g) — C(w)

oY%

Price

5 Buy s share of E’

A

1 \
Number °
of shares .

Outcome space X

Pricel of E

I 1
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AMM = range query problem

AMM

e Given Xand securities F, in each
round
— Experts: buy/sale securities E € F
— Market maker: update prices

Range query problem

* Given Xand ranges F, each rounds

— Update state of the space
— Query sum of pointsinarange E € F

LMSR RQRU
Price and cost Wi:zwi Query (+)
Buy E 3 Update (*)
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Beyond LMSR

 AMM=RQRU
Scoring rule Query Update
Log scoring rule Addition Multiplication
Quadratic scoring rule Addition Addition
3/2-power scoring rule Addition Group action

— multi-resolution market: local arbitrage removal

Voo | crossed
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Decentralized exchange market

 Constant function market maker
— Uniswap, Balancer...

* Combinatorial swap problem = range update query

UNISWAP e
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Constant function market maker

e AMM on states of n assetsw €
R™ with ¢ on R" S

(€85
 Atrade A € R™isvalid if
. Liquidity Pool
¢(W + A) - ¢(W) DAI/ ETH Traders
* E.g.Uniswap (va/v2) p(w) = O
[1; w; (constant product market Swap
maker) 00

00
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Swap trade

* Givenw € R" and constant product market maker ¢ on R™, a
swap tradeA =s1; —1; € R"

* Avalid s satisfies

Win

(w; —1) é
Swap

Traders

(w; +5) =
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Swap trade for baskets

* Givenw € R", E,E’ € [n] and constant product market
maker ¢ on R", a swap trade for baskets A = s1p — 1, € R"

 Avalid s satisfies

* The above can be reduced to RQRU with * query and + update
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Summary

* AMM for combinatorial securities = range query problem
— Sublinear Time LMSR for bounded VC dimension securities
— Generalize: quadratic scoring rule and 3/2-power scoring rule
— Incorporate multi-resolution market designs into a partition-tree scheme.
— Combinatorial Swap in DeFi

* Future work AMM
— Better scoring rules for AMM / \
— Approximation and dynamic data structure 8 ‘
— Multi-resolution Q

— CFMM
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