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Interacting Particle Systems

* A perfect toy model of opinion dynamics
— Agents on a graph G with opinions/types

— Opinions update locally

* Phenomena of interest

— Convergence

— Consensus
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Goal

The <dynamic> converge to consensus in <graphs>




Outline

* What is our model of <dynamic>?
* The <dynamic> reaches consensus quickly in complete graph?
* The <dynamic> reaches consensus quickly in G, ,?
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Voter model

Fixed a graph G = (V, E) opinion set
10,1}
Given an initial configuration
Xy Ve {0,1}
At round t,
A node v is picked uniformly at random
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Voter model [Aldous 13]

Fixed a graph G = (V, E) opinion set
0,1}

Given an initial configuration
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* X;(v) updates to a random neighbor’s
opinion




Iterative majority

(V, E) opinion set

* Fixedagraph G
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Iterative majority

* Fixedagraph G = (V, E) opinion set
10,1}
* Given aninitial configuration
Xy Ve {0,1}
 Atroundt,
A node v is picked uniformly at random




Iterative majority [Mossel et al 14]
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* X;(v) = 1if1isthe majority opinionin its
neighborhood.
X;(v) = 0 otherwise




Iterative majority [Mossel et al 14]

* Fixedagraph G = (V, E) opinion set
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Iterative 3-majority
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Iterative 3-majority

Fixed a graph G = (V, E) opinion set
10,1}
Given an initial configuration
Xy Ve {0,1}
At round t,
A node v is picked uniformly at random




Iterative 3-majority

Fixed a graph G = (V, E) opinion set
0,1}

Given an initial configuration

Xy Ve {0,1}

At round t,

* Anodevis picked uniformly at random

* Collects the opinion of 3 randomly chosen
neighbors




Iterative 3-majority [Doerr et al 11]

Fixed a graph G = (V, E) opinion set
0,1}

Given an initial configuration

Xy Ve {0,1}

At round t,

* Anodevis picked uniformly at random

* Collects the opinion of 3 randomly chosen
neighbors

* Updates X;(v) to the opinion of the
majority of those 3 opinions.




Common Property

Fixed a graph G = (V, E) opinion set
10,1}

Given an initial configuration

Xy Ve {0,1}

At round t,

A node v is picked uniformly at random

-

.

The update of opinion only depends on the
fraction of opinions amongst its neighbors

~

TXeo1(v) =

J

N




Node Dynamic (G, f, Xp)

Fixed a graph G = (V, E) opinion set S :;
{0,1}, an update function f
Given an initial configuration
Xy Ve {0,1}
At round t,
A node v is picked uniformly at random
‘

¢« X;(v)=1w.p. f(rXt_l(v));
= (0 otherwise




Node Dynamic (G, f, Xp)

Fixed a graph G = (V, E) opinion set
{0,1}, an update function f

Given an initial configuration

Xy Ve {0,1}

At round t,

* Anodevis picked uniformly at random

* X (W) =1wp. f(rx,_, )
= 0 otherwise
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Outline

* What is our model of <dynamic>?

* The <dynamic> reaches consensus quickly in complete graph?

N

Which are similar to iterative majority, 3-majority




AWarm-up Theorem

* Given anode dynamic (K,, f, Xo) over the complete graph. If

the update function fis “rich get richer”, then the maximum

expected consensus time 0 (n?)
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AWarm-up Theorem

* Given anode dynamic (K,, f, Xo) over the complete graph. If
the update function fis “rich get richer”, then the maximum
expected consensus time 0 (n?)




Hitting Time

* (Xy,Xq,...) isadiscrete time-homogeneous Markov chain
with finite state space () and transition kernel P.

min{t = 0: X; € A}.

* Hitting time forA c Q: 74




AWarm-up Theorem

* Given anode dynamic (K,, f, Xo) over the complete graph. If
the update function fis “like majority”, then the maximum
expected hitting time for consensus configuration is small




More about Hitting Time

* Expected hitting time and potential function

T, Expected hitting time for A c Q)

(B0l =1+ Y PeBiraly) 284
E[ra(2)] =0 ifreA
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A Conventional Approach for the Theorem

* Expected hitting time and potential function

T, Expected hitting time for A c Q)

Y Potential function for 74

(B0l =1+ Y PeBiraly) 284
E[ra(2)] =0 ifreA

{ Elp(@)] > 145, o PryBlo)] iz ¢ A
E[y(x)] >0 ifre A

Vx € Q, E[t,(x)] < yY(x)

* Guess a function i (only depends on the number of 1)




Outline

* What is our model of <dynamic>?
* The <dynamic> reaches consensus quickly in complete graph?
* The <dynamic> reaches consensus quickly in G, ,?




The Main Theorem

* Given anode dynamic (G, f,Xp) overG ~ G, , Wherep =
(1), and f be “smooth rich get richer”, the maximum
expected consensus time is O (n logn) with high probability.
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The Conventional Approach

* Expected hitting time and potential function

T, Expected hitting time for A c Q)

Y Potential function for 74

(B0l =1+ Y PeBiraly) 284
E[ra(2)] =0 ifreA
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Observation 1

* Expected hitting time and potential function

T, Expected hitting time for A c Q)

Y Potential function for 74

if v € A,

{ Elra(z)] =1+ ZyEQ Px,yE[TA(y)]
E|T4 ifre A

Ta(z)] =0

{ EY(z)] > 1+ cq PryEl(y)]
E[(z)] > 0

ifr g A,
it xre A

Vx € Q, E[t,(x)] < yY(x)

* Guess a functiony [(only depends on the number of 15)}




P(x111)

Y (x000)




Reduce to One Dimension

¢(3)

¢(0)




Observation 2
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Observation 2

* Expected hitting time and potential function

T, Expected hitting time for A c Q)

Y Potential function for 74

if v € A,

{ Elra(z)] =1+ ZyEQ Px,yE[TA(y)]
E|T4 ifre A

Ta(z)] =0

{ EY(z)] > 1+ cq PryEl(y)]
E[(z)] > 0

ifr g A,
it xre A

Vx € Q, E[t,(x)] < yY(x)

* Construct a function Y (only depends on the number of 1s)




Observation 2

* Expected hitting time and potential function

7

A system of linear inequalities with variable {(x) },eq

<

* Construct a function Y (only depends on the number of 1s)




Proof Outline

* Control the system of linear inequalities

* Construct {¢ (k) }repn iteratively satisfying the system of
linear inequalities.




¢(3)

¢(0)




Reduce to one dimensional

Number of 1 =n/2

Numberof1=0 —‘ ‘ . ‘ '—> Numberof1=n




Reduce to birth-death process

=n/2
p* (%) Number of 1 =n/ D+ (%)

A -

Numberof1=0 —‘ ‘ ‘ ‘ '—> Numberof1=n

p~(x) p(x)




Proof Outline

* Control the system

— Drift: {p™(x) — p~ (X)) }xeq
— Non-laziness: {p* (x)},cq

* Construct {¢ (k) }repn iteratively satisfying the system of
linear inequalities.




Future Work

Does iterative majority reach consensus fast in dense Erdos—

Rényi random gra

Does Iterative ma|

Rényi random gra

hhs?

ority reach consensus fast in sparse Erdos—

ohs? Or expander+?




