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Scores for Data
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dependent: 
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Data reliability score
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Why difficult?
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Why promising?
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Research Question

• Can we design a reliability score 𝑆( ො𝑥, 𝑦) that assigns a higher 
expected score to datasets that are closer to the ground truth? 
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Reliability Ordering of Datasets

• To compare ො𝑥 and ො𝑥′ w.r.t. true data 𝑥, we propose partial 
orderings >⋅

– Exact match ordering: ො𝑥 >𝐸𝑋𝐴𝐶𝑇
𝑥 ො𝑥′ if ො𝑥 = 𝑥 but ො𝑥′ ≠ 𝑥

ො𝑥

𝑥 𝑦



Reliability Ordering of Datasets

• To compare ො𝑥 and ො𝑥′ w.r.t. true data 𝑥, we propose partial 
orderings >⋅

– Exact match ordering: ො𝑥 >𝐸𝑋𝐴𝐶𝑇
𝑥 ො𝑥′ if ො𝑥 = 𝑥 but ො𝑥′ ≠ 𝑥

– Blackwell dominant ordering: one is a garbling of the other

– Hamming ordering: ො𝑥 is closer to 𝑥 than ො𝑥′ in Hamming distance

ො𝑥

𝑥 𝑦



Scoring to Preserve Reliability Ordering

• To compare ො𝑥 and ො𝑥′ w.r.t. true data 𝑥, we propose partial 
orderings >⋅

– Exact match ordering

– Blackwell dominant

– Hamming ordering

• A reliability score 𝑆 preserves >⋅ if 
𝔼 𝑆 ො𝑥, 𝑦 > 𝔼 𝑆 ො𝑥′, 𝑦 for all ො𝑥 >𝑥 ො𝑥′ ො𝑥

𝑥 𝑦



Problem Formulation

Design reliability score 𝑆 preserves >⋅ so that
𝔼 𝑆 ො𝑥, 𝑦 > 𝔼 𝑆 ො𝑥′, 𝑦 for all ො𝑥 >𝑥 ො𝑥′ 

• Three datasets

– (Hidden) true data 𝑥 = 𝑥1, … , 𝑥𝑁 ∈ 𝑑 𝑁

– Reports ො𝑥 = ො𝑥1, … , ො𝑥𝑁 ∈ 𝑑 𝑁

– Observation 𝑦 = 𝑦1, … , 𝑦𝑁 ∈ 𝒴𝑁



Problem Formulation

Design reliability score 𝑆 preserves >⋅ so that
𝔼 𝑆 ො𝑥, 𝑦 > 𝔼 𝑆 ො𝑥′, 𝑦 for all ො𝑥 >𝑥 ො𝑥′ 

• Three datasets

– (Hidden) true data 𝑥 = 𝑥1, … , 𝑥𝑁 ∈ 𝑑 𝑁

– Reports ො𝑥 = ො𝑥1, … , ො𝑥𝑁 ∈ 𝑑 𝑁

– Observation 𝑦 = 𝑦1, … , 𝑦𝑁 ∈ 𝒴𝑁

• Assumption: 𝑦𝑛~𝑃(⋅, 𝑥𝑛) independently for all 𝑖
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Main Result

We introduce Gram Determinant score (GDS)
det( ෠𝐺)

where ෠𝐺 is the Gram matrix of report and observation
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Main Result

We introduce Gram Determinant score (GDS)
det( ෠𝐺)

which preserves

• Exact match ordering under 𝒫𝑖𝑛𝑑𝑒𝑝 and 𝒬𝑛𝑜𝑛𝑝𝑒𝑟𝑚

• Blackwell ordering under 𝒫𝑖𝑛𝑑𝑒𝑝 and 𝒬𝑟𝑒𝑔

•
1

4𝐿
−Hamming ordering under 𝒫𝑖𝑛𝑑𝑒𝑝 and 𝒬𝐿,𝐾
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Proof idea: GDS preserves Exact match
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GDS=volume of ෝ𝒙, 𝒚 dist.

• Given three datasets 𝑥, ො𝑥, 𝑦,

– Experiment 𝑃 ∈ ℝ𝒴×𝑑  independently for all 𝑖

– Misreport matrix 𝑄 ∈ ℝ𝑑×𝑑: 𝑄 𝑖, 𝑗 =
#[𝑥𝑛=𝑖, ො𝑥𝑛=𝑗]

𝑁

– Joint distribution and ො𝑥 and 𝑦: 𝑃𝑄 = 𝑃𝑄𝑥𝑄 ො𝑥|𝑥
𝑇

– Gram matrix of ො𝑥 and 𝑦: ෠𝐺 = 𝑃𝑄 𝑇𝑃𝑄 

ො𝑥

𝑥 𝑦P



GDS=volume of ෝ𝒙, 𝒚 dist.

• Given three datasets 𝑥, ො𝑥, 𝑦,

– Experiment 𝑃 ∈ ℝ𝒴×𝑑  independently for all 𝑖

– Misreport matrix 𝑄 ∈ ℝ𝑑×𝑑: 𝑄 𝑖, 𝑗 =
#[𝑥𝑛=𝑖, ො𝑥𝑛=𝑗]

𝑁

– Joint distribution and ො𝑥 and 𝑦: 𝑃𝑄 = 𝑃𝑄𝑥𝑄 ො𝑥|𝑥
𝑇

– Gram matrix of ො𝑥 and 𝑦: ෠𝐺 = 𝑃𝑄 𝑇𝑃𝑄 

• GDS det( ෠𝐺) = 𝑣𝑜𝑙(𝑃𝑄) volume spanned by the joint 
distribution

ො𝑥

𝑥 𝑦P



GDS preserves Exact match

Claim: 𝔼 𝑆 ො𝑥′, 𝑦 < 𝔼 𝑆 𝑥, 𝑦 for all 
ො𝑥 ≠ 𝑥

• Three facts for 𝑣𝑜𝑙 𝐴 ≔ det 𝐴𝑇𝐴
1. det 𝐴𝐵 = det 𝐴 det 𝐵 and det 𝐵 =

det 𝐵𝑇

2. det 𝐴 = ∏𝑒𝑖𝑔𝑛𝑖(𝐴)

3. eigenvalue of stochastic matrix≤ 1



GDS preserves Exact match

Claim: 𝔼 𝑆 ො𝑥′, 𝑦 < 𝔼 𝑆 𝑥, 𝑦 for all 
ො𝑥 ≠ 𝑥

• Three facts for 𝑣𝑜𝑙 𝐴 ≔ det 𝐴𝑇𝐴
1. det 𝐴𝐵 = det 𝐴 det 𝐵 and det 𝐵 =

det 𝐵𝑇

2. det 𝐴 = ∏𝑒𝑖𝑔𝑛𝑖(𝐴)

3. eigenvalue of stochastic matrix≤ 1

• Proof:

𝔼 𝑆 ො𝑥, 𝑦 = 𝑣𝑜𝑙 𝑃𝑄𝑥𝑄 ො𝑥|𝑥
𝑇

= 𝑣𝑜𝑙 𝑃𝑄𝑥 𝑣𝑜𝑙 𝑄 ො𝑥|𝑥

≤ 𝑣𝑜𝑙 𝑃𝑄𝑥 = 𝔼 𝑆 𝑥, 𝑦



Outline

• What is data reliability score?

• How can we define data reliability?

• Gram Determinant score and main result

• Experiments



Empirical Results – Synthetic Data

• 𝑥~ 0,1,2,3,4 𝑁  with 𝑁 =  4000

• ො𝑥: noisy label

• 𝑦: random experiment 𝑃 ∈
0,1 5×5
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ො𝑥

𝑥 𝑦



Empirical Results – CIFAR-10 data

• 𝑥: real label of image

• ො𝑥: noisy label

• 𝑦: feature embedding from contrastive learning

ො𝑥

𝑥 𝑦



Empirical Results – CIFAR-10 data

• 𝑥: real label of image

• ො𝑥: noisy label

• 𝑦: feature embedding from contrastive learning



Unemployment data

• 𝑥: real unemployment number

• ො𝑥: reports

– First report, 

– One month revision, and

– Final revision

• 𝑦: Withheld Taxes from Treasury deposits
ො𝑥

𝑥 𝑦 Taxes withheldUnemployment

Reported unemployment



Unemployment data

• 𝑥: real unemployment number

• ො𝑥: reports

– First report, 

– One month revision, and

– Final revision

• 𝑦: Withheld Taxes from Treasury deposits



Discussion

• Summary

– Reliability ordering

– GDS: respects several orderings and agonistic to experiment

– Kernel treat for high dimensional Y

• Future directions:

– How to score data without verification?

• Time series data, or large signal space X

• ordering vs testing

– Empirical results
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