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Grammars

A grammar G is defined by a quadruple: G = {V, %, S, P}

33: is the alphabet. G generates strings over X.

V: a set of symbols, disjoint from X: XNV =0

P: a set of productions, which are substitutions rules:
For a, 8 € ®, a # A, a — [ indicates that you can substitute 3 for a.
If, when using a production, we start with string v; and end up with 2,
we denote this by 1 = 72

S: special “start” symbol, S € V.

The language generated by G, £(G) = {z | S = z Az € =*}
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Let G1 = ({S, A}, {a,b},5,{S = aA,S — A, A — bS})
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G = {{S,7},{a,b,c},S,P={7}}
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vV ={5,C}
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G= {{S’ ?},{[I, b7 C},S,P = {?}}
P={58=aC; S=bC; C=cC; C= A}
vV ={S,C}

Give a grammar for RE r = (a + be)*
{S,7},{a,b,c},S, P ={7}}



Connection to Natural Language

(sentence) — (noun — phrase){verb — phrase)
(noun — phrase) — (article){noun)
(noun — phrase){auzillary) — (auzillary){noun — phrase)
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Regular Grammars

Regular grammars are the same, but with a restriction on the production rules.
2 types of rule are allowed:
A— ANor A—bC, where A,C €V and be X*

Theorem 8.1

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
such that £(G) = L.

Lemma 8.1

For any regular grammar G = (V, X, S, P), if S = gz, then either z € ¥*, or z = y B,
where y € ¥* and B e V.

Proof by induction on k, the length of the derivation S = x.
Ifk=0,thenz=S,y=A,B=2S

Suppose the claim holds for a derivation using k production rules.

A derivation of length k 4+ 1 must have been of the form S = yB after k steps.
For the last production, we either apply the rule:

B — A, in which case, S = y, with y € £*, or we apply

B — aC, in which case we have S = yaC for ya € £* and C € V.



Regular Grammars

Regular grammars are the same, but with a restriction on the production rules.
2 types of rule are allowed:
A— ANor A—bC, where A,C €V and be T*

Theorem 8.1

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
such that £(G) = L.

Lemma 8.1

For any regular grammar G = (V, X, S, P), if S = gz, then either z € ¥*, or z = yB,
where y € ¥* and B e V.

Definition

A unit production is a production rule of the form A — B, where A, B € V.

A regular grammar with unit productions is a regular grammar that also allows unit
production rules.
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Structure of proof of Theorem 8.1

Theorem 8.1

If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
such that £(G) = L.

Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

Lemma 8.3

If L = L(G) for some regular grammar with unit productions, then there exists a
regular grammar G’ such that L = L(G’).
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Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

Algorithm 8.1

Constructing a regular grammar from an RE
Input: A RE 7 such that £(r) C X*.
Output: A regular grammar G = (V, %, S, P) with unit productions, £(r) = L(G)

if r has no operators then
if r = a then return ({S, A}, X,5,{S = aAd, A — A})
if = A then return ({S},%,5,{S — A})
if » = 0 then return ({S}, %, S,0)
else

if r =71 +r2 then

(V1,%, 51, P1) < Algorithm 8.1 (rq)

(Va,%, Sa, Py) <= Algorithm 8.1 (r2)

return (V; UVaU {S},E,S, PiUPU {S — 51, S— Sz})
if » = ryry then

(V1,%, 51, P1) <= Algorithm 8.1 (1)

(Va,%, Sa, P2) <= Algorithm 8.1 (r2)

for each A+ A € P do

replace A — A by A— Sy in P;

return (Vi UVaU{S}, X, 5, PLUP, U{S — Si})
if » = 7] then

(V1,%, 81, P1) < Algorithm 8.1 (1)

for cach A - A € P do

replace A A by A— S in P
return (V; U{S},5,S,PLU{S > A,S — 51})



Lemma 8.2

If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r =7 + 7y then
(1,5, S1, P1) < Algorithm 8.1 (r1)
(Va,%, 82, P,) < Algorithm 8.1 (r2)
return (Vi UV U {S}, %, 8, LU P, U{S = 51, § = S1})

Claim: Let G be the returned grammar. If x € L(r), then z € L(G).



Lemma 8.2

If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r =7 + 7y then
(V1,%, 51, Py) < Algorithm 8.1 (r1)
(Va,%, S, P») < Algorithm 8.1 (r2)
return (Vi UVaU{S}, X, 5, PLUP,U{S — Si, S— S2})
Claim: Let G be the returned grammar. If x € L(r), then z € L(G).
Since z € L(r), we have x € L(r1) Vz € L(r2).
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If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r =7 + 7y then
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(V2,%, S, P,) <= Algorithm 8.1 (r2)
return (Vi UVaU{S}, X, 5, PLUP,U{S — Si, S— S2})
Claim: Let G be the returned grammar. If x € L(r), then z € L(G).
Since z € L(r), we have x € L(r1) Vz € L(r2).
By the strong inductive hypothesis, if z € £(r1), then it can be generated using
grammar (V1,%, 51, P1).
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If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r =7 + 7y then
(V1,%, 51, P1) < Algorithm 8.1 (r1)
(V2,3, S2, Py) <= Algorithm 8.1 (r2)
return (Vi UVaU{S}, X, 5, PLUP,U{S — Si, S— S2})
Claim: Let G be the returned grammar. If x € L(r), then z € L(G).
Since z € L(r), we have x € L(r1) Vz € L(r2).
By the strong inductive hypothesis, if z € £(r1), then it can be generated using
grammar (V1,%, 51, P1).

Let S1 = z be the sequence of productions that generates x in that grammar.



Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r =71 + rp then
(V1,%, 51, P1) < Algorithm 8.1 (r1)
(Va,%, 8o, P) < Algorithm 8.1 (r2)
return (Vi UVaU{S}, X, 5, PLUP,U{S — Si, S— S2})
Claim: Let G be the returned grammar. If x € L(r), then z € L(G).
Since z € L(r), we have x € L(r1) Vz € L(r2).
By the strong inductive hypothesis, if z € £(r1), then it can be generated using
grammar (V1,%, 51, P1).
Let S1 = z be the sequence of productions that generates x in that grammar.
Then S = S; = x is a valid sequence in grammar G.



Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r =71 + rp then
(V1,%, 51, P1) < Algorithm 8.1 (r1)
(Va,%, 8o, P) < Algorithm 8.1 (r2)
return (Vi UVaU{S}, X, 5, PLUP,U{S — Si, S— S2})
Claim: Let G be the returned grammar. If x € L(r), then z € L(G).
Since z € L(r), we have x € L(r1) Vz € L(r2).
By the strong inductive hypothesis, if z € £(r1), then it can be generated using
grammar (V1,%, 51, P1).
Let S1 = z be the sequence of productions that generates x in that grammar.
Then S = S; = x is a valid sequence in grammar G.
A similar argument holds when z € L(r2).



Lemma 8.2

If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then
(V1,%, 81, P1) < Algorithm 8.1 (rq)
(Va, %, S, P») <= Algorithm 8.1 (r2)
for each A+ A € P, do
replace A - A by A— Sy in Py
return (V; UV, U{S}, 5, S, PLUP, U{S — S1})

Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
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If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then
(V1,%, 81, P1) < Algorithm 8.1 (rq)
(Va, %, S, P») <= Algorithm 8.1 (r2)
for each A+ A € P, do
replace A - A by A— Sy in Py
return (V; UV, U{S}, 5, S, PLUP, U{S — S1})

Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
Because x € £(r), Jx1,x2 such that (z = z122) A (z1 € L(r1)) A (22 € L(T2)).
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If L = L(r) for some Regular Expression 7, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then
(V1,%, 81, P1) < Algorithm 8.1 (rq)
(Va, %, S, P») <= Algorithm 8.1 (r2)
for each A+ A € P, do
replace A - A by A— Sy in Py
return (V; UV, U{S}, 5, S, PLUP, U{S — S1})

Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
Because x € £(r), Jx1,x2 such that (z = z122) A (z1 € L(r1)) A (22 € L(T2)).
By the strong inductive hypothesis, there is a sequence of production rules in P; such

that Sp :*> 1.



Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then

(V1,%, 81, P1) < Algorithm 8.1 (rq)

(Va, %, S, P») <= Algorithm 8.1 (r2)

for each A+ A € P, do

replace A - A by A— Sy in Py

return (V; UV, U{S}, 5, S, PLUP, U{S — S1})
Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
Because x € £(r), Jx1,x2 such that (z = z122) A (z1 € L(r1)) A (22 € L(T2)).
By the strong inductive hypothesis, there is a sequence of production rules in P; such
that S1 :*> x71.
By Lemma 8.1, the sequence has the form S; = 21A = 21, for some A € Vi, and
A—Aep.



Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then

(V1,%, S1, P) < Algorithm 8.1 (rq)

(Va, %, S, P») <= Algorithm 8.1 (r2)

for each A — A € Py do

replace A - A by A— Sy in Py

return (V; UV, U{S}, 5, S, PLUP, U{S — S1})
Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
Because x € £(r), Jx1,x2 such that (z = z122) A (z1 € L(r1)) A (22 € L(T2)).
By the strong inductive hypothesis, there is a sequence of production rules in P; such
that Sp :*> 1.
By Lemma 8.1, the sequence has the form S; = 21A = 21, for some A € Vi, and
A—Aep.
By the strong inductive hypothesis, there is a sequence of production rules in Py such

that S $ 9.



Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then

(V1,%, 81, P1) < Algorithm 8.1 (rq)

(V2,%, Sy, P») <= Algorithm 8.1 (rg)

for each A+ A € P, do

replace A - A by A— Sy in Py

return (V; UV, U{S}, 5, S, PLUP, U{S — S1})
Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
Because x € £(r), Jx1,x2 such that (z = z122) A (z1 € L(r1)) A (22 € L(T2)).
By the strong inductive hypothesis, there is a sequence of production rules in P; such
that S :*> x71.
By Lemma 8.1, the sequence has the form S; = 21A = 21, for some A € Vi, and
A—Aep.
By the strong inductive hypothesis, there is a sequence of production rules in Py such
that S = x9.
By the construction of the new grammar, there is a rule A — Sy € Pj.



Lemma 8.2

If L = L(r) for some Regular Expression r, then there exists a regular grammar G
with unit productions such that £(G) = L.

if r = ryry then

(V1,%, 81, P1) < Algorithm 8.1 (rq)

(V2,%, Sy, P») <= Algorithm 8.1 (rg)

for each A+ A € P, do

replace A - A by A— Sy in Py

return (V; UV, U{S}, 5, S, PLUP, U{S — S1})
Claim: Let G be the returned grammar. If © € L(r), then z € L(G)
Because x € £(r), Jx1,x2 such that (z = z122) A (z1 € L(r1)) A (22 € L(T2)).
By the strong inductive hypothesis, there is a sequence of production rules in P; such
that S, :*> 1.
By Lemma 8.1, the sequence has the form S; = 21A = 21, for some A € Vi, and
A—Aep.
By the strong inductive hypothesis, there is a sequence of production rules in Py such
that S $ 9.
By the construction of the new grammar, there is a rule A — Sy € Pj.
We have the sequence: S = S; 2 121A = 1152 = 2172,



